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Abstract 

We show that the Neumann problem for Laplace's equation in a convex domain 
with boundary data in L^[dVL) is uniquely solvable for 1 < p < oo. As a consequence, 
we obtain the Helmholtz decomposition of vector fields in L^{Q.,W^). 

1 Introduction 

The main purpose of this paper is to prove the following. 

Theorem 1.1. Let Q be a bounded convex domain in M.'^, d > 2. Let 1 < p < oo. Then the 
LP Neumann problem for Au = in Q is uniquely solvable. That is, given any f G L^^dVl) 
with mean value zero, there exists a harmonic function u in Vl, unique up to constants, such 
that (Vm)* G LP{dil) and = / n.t. on d^. Moreover, the solution satisfies the estimate 
||(Vm)*||p < C||/||p, where C depends only on d, p and the Lipschitz character ofQ. 

Here and thereafter (Vu)* denotes the nontangential maximal function of Vu and n 
the unit outward normal to dil. By |^ = / n.t. on we mean that for a.e. P G dil, 
< Vu{x),n{P) > converges to f{P) as x — P nontangentially. We remark that for a 
harmonic function u and p > 2, (Vu)* G implies that u is in the Sobolev space 

i{Q) [8J. The solutions in Theorem 11.11 satisfy the estimate HVmH^.p (q) < C'||/||p for 

2 <p < oo. 

It is known that the L*' Neumann problem for Am = in a bounded domain is 
uniquely solvable for any p G (1, cxd) |2]. However, if is a general Lipschitz domain, the 
sharp range of p's, for which the Neumann problem in Q is solvable, is 1 < p < 2 + e, 
where e > depends on fl (see [3 HH [1]; also see [9] for references on related work on 
boundary value problems in Lipschitz domains). In [10], for any given Lipschitz domain Q 
and p > 2, Kim and Shen established a necessary and sufficient condition for the solvability 
of the Neumann problem in Q. More precisely, it is shown in [lOj that the Neumann 
problem for Am = in f2 is solvable if and only if there exist positive constants Cq and tq 
such that for any < r < tq and Q G dQ, the following weak reverse Holder inequality on 

\iVv)rda\ <Co\—r li^vYl'dai , (LI) 



d—l I IV * / I ( — u I d 

■'B{Q,r)r\dn J l^r - J B{Q,2r)r\dQ. 
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holds for any harmonic function v in Q satisfying (Vf )* G L'^{dfl) and |^ = on B{Q, 3r) fl 
dQ (see [TDl Theorem 1.1]). Using this condition, Kim and Shen [TU] obtained the solvabihty 
of the Neumann problem for Am = in bounded convex domains in for 1 < j9 < oo 
if d = 2; for 1 < p < 4 if ci = 3; and forl<p<3 + £ifci>4 (see [H, Theorem 1.2]). 
Theorem 11.11 extends the results in [10] in the case d > 3 and completely solves the 
Neumann problem for Laplace's equation in convex domains. 

Our approach to Theorem 11.11 follows the proof of Theorem 1.2 in [TU]. To establish 
the weak reverse Holder inequality (11. ip . we use the square function estimates for harmonic 
functions in Lipschitz domains and the local W"^'^ estimate in convex domains. This reduces 
the problem to the estimate of 



sup \Vhix)f-^[S{x)f-'-\ 

x€B{P,r) 



1.2) 



on 



where t G (0, 1), 5{x) = dist(a;, dil), and f is a harmonic function in f2 such that |^ 
B{P, 3r) n dQ and (Vf )* G L'^{dfl). In [TO] the authors used the interior estimates and the 
local W"^'"^ to obtain that for any x e B{P,r) (1 Q, 



\V%(x)\ < 



C 



6{x) 



\Vv{y)\^dy 



B{P,3r)nn 



1/2 



;i.3) 



By a reflection argument the classical De Giorgi-Nash estimate implies that for any x G 



\VMx) \ < - 



[S{x) 



2-a <- -I /• ^ 1/2 

-J \Vviy)\'dy\ , (1.4) 

JB{P,3r)nn ) 

where a > depends on f2. Substituting (11. 3p for d = 2,3 and (ll.4p ior d > A into (II. 2p 
and choose t sufficiently close to 0, we see that the exponent of 6{x) would be positive for 
any p > 2 if = 2; for p < 4 if c? = 3; and for p<3 + eifc/>4. This leads to the 
restriction of p for d > 3 in [TDl Theorem 1.2]. In this paper we will show that if > 3, for 
any x G B{P,r) nfl, 



\vMx)\ < 



Cn 



1 1+'? 



6{x) 



\Vv{y)\^dy 



B{P,3r)nn 



1/2 



;i.5) 



for any rj > 0. Substituting (II. 5p into (ll.2p . we see that the exponent of 6{x) is —ri{p—2)+l—t, 
which would be positive for any p > 2 if 77 > is sufficiently small. 

To show (II. Sp . we will prove that if i7 is a convex domain with smooth boundary, then 
for any q > 2, 



Wvl^dx 



B{Q,r)nn 



1/a 



I Vf I dx 



B{Q,2r)nn 



1/2 



;i.6) 



whenever v is harmonic in and v G C (f2), = in B(Q,3r) fl dil. The constant C in 
(II. 6p depends only on d, q and the Lipschitz character of fl. Our proof of (II. 6p is inspired 
by a recent paper of V. Maz'ya [TT], in which he established the gradient estimate for 
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solutions of the Neumann-Laplace problem in convex domains. More precisely, it is proved 
in [TT] that if q > d and / G L'i{Q) with mean value zero, then ||Vm||loo(q) < C||/||i,9(f2), 
where —Am = f in fl and |^ = on d^l. Although the proof of (11. 6p does not rely on this 
estimate, the formulation of our main technical lemma. Lemma \2.2\ as well as its proof, is 
motivated by [TT] . 

With Theorem 11.11 at our disposal, following the potential approach developed by Fabes, 
Mendez, Mitrea pj in Lipschitz domains, we may study the solvability of the Poisson equation 
with Neumann boundary conditions in convex domains. In particular, consider the boundary 
value problem 

Au = fe L\,{n), 

^ = 9eB^_,^^idn), (1.7) 
u e W^'^in). 

Here o(^) is the dual of L?(n) = W^''^{n) and ^^^/^(Sfi) the dual of the Besov space 
Blip{dVL) on dVt, where g = We will call u G W^'P{yt) a solution to dLZD with data 
(/,^?),if 

/ Vu-V(t)dx = - < f,(t)>L^_,o{n)xL'l{n) + < g,Tr{(t)) >bp {dn)xBl, (dn) (1-8) 
for any (p G W^'''{Q), where Tr{(j)) denotes the trace of (p on dQ. 

Theorem 1.2. Let fl be a bounded convex domain in W^, d > 2. Let 1 < p < oo. Then 
for any f G L^^ q^Q) and g G B^^^^^dQ) satisfying the compatibility condition < /, 1 >=< 
g, 1 >, the Poisson problem (1.1) has a unique (up to constants) solution u. Moreover, the 



solution u satisfies the estimate 

\\yu\\Lv(n) < C |||/||L^^_^,(n) + Iklls^^/^can)} , (1-9) 

where C depends only on d, p and the Lipschitz character ofQ. 

We remark that for bounded Lipschitz or domains, the inhomogeneous Neumann 
problem, Au = f E Ll^^_^_^^^{Sl) in = ^ g 5^,(9^]) and u G L^,+l/p(^^) with 

s G (0, 1) and p G (1, oo), was studied in [3], where the authors obtained the solvability for 
the sharp ranges of p and s. Analogous results for the inhomogeneous Dirichlet problem 
in Lipschitz or domains may be found in p]. In particular, it follows from [3] that the 
boundary value problem (11. 7p is solvable for p G ((3/2) — e, 3 + e) ii VL is Lipschitz; and for 
p G (l,oo) an is C\ 

Let L'p^{VL) denote the subspace of functions v in L'^iVt, W^) such that v ■ V(j)dx = for 
any (f) G C^(]R'^). As a corollary of Theorem 11.21 we establish the Helmholtz decomposition 
of L^ vector fields on convex domains for 1 < p < oo. 

Theorem 1.3. Let Q be a bounded convex domain in M'^, d > 2 and 1 < p < oo. Then 

LP{Q, R"^) = grad W^'P{Q) © (fi). (1.10) 
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That is, given any u G L^(f2,R'^), there exist G W^'P{Q), unique up to a constant, and a 
unique v G L^{Q) such that u = V0 + v. Moreover, 

max (pW LP {n),\W\\ LP (Q)} < Cp ||u||lp(q), (1.11) 
where Cp depends only on d, p and the Lipschitz character ofQ. 

A useful tool in the study of the Navier-Stokes equations, the Helmholtz decomposition 
fll.lOp is well known for smooth domains (see e.g. P]). It was proved in [3] that fll.lOI) -( fTTTTl) 
hold for p G ((3/2) — e, 3 + e) if is Lipschitz; and for p G (1, oo) if Q is C^. The range 
(3/2)— £:<p<3 + £:is known to be sharp for Lipschitz domains |3|. 



2 Estimates on smooth convex domains 

The purpose of this section is to establish the following. 



Theorem 2.1. Let Q be a bounded convex domain in M , d > 3 with C boundary. Let 

du 
dn 



u G C^(n). Suppose that Au = in and |^ = on B{Q, 3r) fl dQ. for some Q G dfl and 
< r < tq. Then for any q > 2, 



(11- ^ 1/2 

^, \Vu\''dx\ <C\— \Vu\^dx\ , (2.1) 

^ JB{Q,r)nn ) JB{Q,2r)nn J 

where C depends only on d, q and the Lipschitz character ofQ. 
The summation convention will be used in this section. 

The proof of Theorem 12 . II relies on the following lemma. As we mentioned in Introduction, 
the formulation of Lemma [2.21 as well as its proof is inspired by a paper of Maz'ya [TT] . 

Lemma 2.2. Let Q be a bounded convex domain with C"^ boundary. Suppose that v = 
(wi, . . . , fd) e C^iVL, W'-) and v ■ n = on dVt. Let g = |vp. Then for a.e. t e (0, oo), 

L'^^'^^^^^Llfei^-Sif'-i-'^"}- ,,,, 

^ ^ J'{9>t} { ' dxj dxi } 

where a = LT^^^ denotes the d — 1 dimensional Hausdorff measure and {g = t} = {x E Q : 
g{x) = t}, {g>t} = {xen: g{x) > t}. 

Proof. Let \I' be a nonnegative Lipschitz function on [0, oo). It follows from integration by 
parts that 
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OXj OXi Jq OXj OXi 

- I vl/(|v|2).t;,. A|div(v)}cix 



+ I M/(|v|>n,^da 

an 



^ f -r,y: ,9n dvk dvj , 

+ 2 / vl/'(|v|>fc.|^.t;,.div(v)rfx 

+ [ ^(ivn{div(v)}'rfx 

+ f ^(|vp) l^i^l^ -finidiv(v)| da. 



This gives 



(2.4) 



= J ^(Ivp) |finidiv(v) -t;inj|^| rfa 

„ /" T-//, ,9x r c^'^^fc <9fi <9ffc / x"! , 

+ 2 / ^'(IvH )vk--^-Vi--^-Vk-^-Vi- div(v) ^ rfx. 

L "^^j "^^i "^^i J 

Using the assumptions that v • n = on dfl and f2 is a convex domain with boundary, 
we observe that 



Ov ■ 

f jnjdiv(v) — ViUj—^ = —f3(\'T', v^) > on dQ, 

OXi 



where vt = v — (v ■ n)n is the tangential component of v on dQ and /?(■, ■) the second 
fundamental quadratic form of dQ (see [6l p. 137]). Hence, 



2 / ^\M')-v, 
Jn 



OXj OXi 



< 2 [ ^'(IvH .Vk-^-v,- div(v) dx (2.5) 
Jn OXi 

./*(,vH{{d.,v,r-|i.||}.. 
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Let g = |v|2. Then |V^p = ^'"k ■ ^ ■ Vi ■ It follows from (ESD that 

+ 2 / ^'(g) -Vk-^-v,- div(v) (2.6) 
Jn oxi 

+/*to){{dMv)r-|^. 

We now fix < t < r < oo. Let \E' be continuous so that \E'(s) = 1 for s > r, \l'(s) = 
for s <t, and \i/ is linear on [t, r]. In view of (12. 6p . we obtain 



1/2 

dx 



\J \Vg?dx<-^l IV.IIvljj: 

f-J Jt<g<T ' Jt<g<T y ^J 

+ [ |V^| |v| |div(v)|da; (2-7) 

~ ^ Jt<q<T 



By the co-area formula, we may rewrite (12.71) as 



2('i^ ^) A A=s ^ A A=s 1 ■ ■ dxj dxi 



+ [ [ \v\\div{Y)\dads (2-^ 



T - t 



t Jg: 



Ig>t 

Letting r — t+ in (12. Sp . we obtain the desired estimate by the Lebesgue's differentiation 
theorem. □ 

Next we apply Lemma [2.21 to harmonic functions in Q with normal derivatives vanishing 
on part of the boundary. 

Lemma 2.3. Let Q be a bounded convex domain with C"^ boundary and Q G dVt. Let 
u e C^{Q). Suppose that Au = in Q and = on B{Q, 2r) fl dQ for some r > 0. Then 
for a.e. t E (0, oo), 

/ \Vg\da<QVi \Vu\\Vip\da + 2 \Vu\'^\Vip\'^ dx, (2.9) 
J g=t J g=t •> g>t 

where g = \{Vu)<^\'^ and <^ G C^{B{Q, 2r)). 
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Proof. Let v = {'Vu)(f. Then v ■ n = on dQ and 

dvi d'^u du dip 

dxj ^ dxidxj dxidxj 

It follows that div(v) = {Au)(p + Vu ■ Vip = Vu ■ V(p and 

dvi dvj du dip du dip 
dxj dxi dxi dxj dxj dxi 

Hence, 

= {2\Vu\^\\/^\^ - 2(Vm ■ V^fY'^ + \Vu ■ V^l 
< 3|Vu| |V<^|. 



(2.10) 



Next note that 



2 dVj dVi 2|v72 |2 o ^'^ 



|div(v)|^ - = -ip'\V'u\ - 2ip 



dxi dxj dxidxj dxi dxj 



|2|V7,„|2 



< |VMr|V<^|^ 

In view of fl2.10p - p.lip . estimate (12. 9 p in Lemma [273] now follows readily from Lemma [2721 □ 

Lemma 2.4. Let Q be a bounded convex domain in W^, d > 3. Let f , g be two nonnegative 
functions on fl. Suppose that f G C{fl), g G C^{Q) and 

[ \Vg\da<ColVi [ \f\da+ [ \f\'dx] (2.12) 

Jg=t L J g=t Jg>t ) 

for a.e. t G (0,oo). Then there exists C depending only on d, q, Cq and the Lipschitz 
character of fl such that 

gl^dxX <cl [ l/P^rfxj ^ +C\n\-^-^ [ \g\dx, (2.13) 



1 1 



where p > 1 and — , . 

^ q p a 

Proof. By considering g^ = g + 6 and then letting 5 — )■ O"*", we may assume that g is bounded 
from below by a positive constant. Using the co-area formula and (I2.12p . we obtain 

j \g\''\V g\^ dx = j / \Vg\dadt 
Jn Jo Jg=t 

<Cort^y! \f\da+ [ \f\'dx]dt (2.14) 

Jo L Jg=t Jg>t ) 

<C [ Igr-^'^lVgWfldx + C [ Ig^+W dx, 



where a > — 1. By the Cauchy inequahty with an e > 0, 

/ \gr--\Vg\\f\dx<6 [ \gn\/g\'dx + cJ \gr+'\f\'dx. 
Jn Jn Jn 

This, together with fl2.14p . imphes that 

\gnVg\^dx<C [ Igl'^^^lfl^dx. (2.15) 



n 



Since Q is convex, there exists a constant C, depending only on d and [diam(n)]'^/|fi| 
such that 



d-2 
d 



w-wn\^dxj -'^ J l^^r^^' (2-16) 

where w G C^{Q) and wn denotes the average of w over Q. Let (3 > (1/2) and w = ^f'^ in 
f l216|) . We obtain 



d-2 

d 



\g\^^dx \ <C i \g\^^-^\Vg\Ux + C\n\-^-i\ I \g\^ dx\ . (2.17) 



Let a = 2/3 - 2. It follows from fl2J[5|) and (12171) that 

d-2 2 

\g\^^dx^ ' I l^?l"'~'l/r^^a; + C|l]|-^-i j^^j'^rfa;! , (2.18) 

for any (3 > (1/2). 

We now choose po > 1 so that (2/3 — l)po = ^^f. By Holder's inequality. 



j \g\'^''\f\'dx<lj \g\^^^''^P'dx\ I J \f\'^'odx\ 

<e[! \gf^-'^P^^dxY +cA ( |/|2^orfa;r», 



(2.19) 



where = Note that a = Also 2p' = -r-^ and 4 = in view of 

2p—l po d -f^U a— 2+4/3 pjj d 

(12:T8D -( 12391) . we obtain 



2d/3 



d-2+4;3 
d 



g\^dx} <C{ I |/|^™?dx}> +C|fi|-^-3<' / \gfdx)- . (2.20) 
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Finally we let p = and g = It follows from ^M) that 

jy l^l'^t/xj ^ -^{/ 1^1^^^^}^ +C|^]^^~^|y" |^|^c/x|^ . (2.21) 

Note that 1 = i - | and 2/3 = (1 - |)g. Also ~ ^ = q ~ ^^^^^ < <?, the desired 
estimate follows from fl2.2ip by Holder's inequality. □ 



We are now in a position to give the proof of Theorem 12.11 
Proof of Theorem 12.11 

Let 1 < p < r < 2. Choose e C^{B{Q,Tr)) such that v9 = 1 in B{Q,pr) and 
|V(/9| < C[(r — p)r]^^. It follows from Lemmas 12.31 and 12.41 that 

1/9 



i/p (2.22) 



where p > 1 and - = - — 4. This yields that 

^ q p a 



■) i/(2g) r 1 /■ 1 ^/^^^^ 

iVup^dx^ <C\— \Vu\^Pdx\ (2.23) 

Jnr\B{Q,pr) ) I ^ JnnB{Q,Tr) ) 



for any p > 1 and - = - — §, where 1 < p < r < 2. By a simple iteration argument, we 

q p a 

obtain 

4/ \Vu\''dx\ <cW[ \Vu\Pdx\ , (2.24) 

JnnB{Q,r) J Jnr\B{Q,3r/2) ) 

for any 2 < p < g < cxd. Estimate (12. ip follows readily from (I2.24p and the reverse Holder 
inequahty, 

—^f \Vu\^dx\' <c[—^! \Vu\'^dx\' , (2.25) 

^ Jnr\B{Q,3r/2) J l'^ Jnr\B{Q,2r) J 

where p > 2. We mention that (I2.25P holds even for solutions of elliptic systems of divergence 
form with bounded measurable coefficients. See e.g. [5| Chapter V] for the interior case. 
The boundary case follows from the interior case by a reflection argument. □ 

Remark 2.5. Let be a bounded Lipschitz domain in M.'^, d > 2. Suppose that Au = 
in n, (Vm)* e L^{dn) and |^ = on B{Q,3r) n dil. Then the estimate holds for 

2<g<3 + eif(i>3; and for 2 < g < 4 + e if d = 2. To show this, one uses the fact that the 

Neumann problem in Lipschitz domains is solvable as well as the observation that u is 
in B{Q, 2r) flQ for some a > if d > 3; and for some a > (1/2) if ci = 2. We refer the reader 
to |131 pp. 188-189], where the same estimate was proved for a Lipschitz domain fi, under the 
Dirichlet condition m = on B{Q, 3r) flSfi. The proof in [13] extends easily to the case of the 
Neumann boundary condition. We point out that if d > 3, the (a > 0) estimate follows 
from the De Giorgi-Nash estimate by a reflection argument. For the case d = 2^ one may 
use the solvability of the Neumann problem in Lipschitz domains for some p = p > 2 and 
the square function estimates to show that Vm G L^^-{B{Q,2r) HQ) C L'^^{B{Q,2r) fl Q). 

By Sobolev imbedding, this implies that u is on B{Q, 2r) (IQ for some a > (1/2). If f2 is 
C^, the estimate (12. ip holds for any d >2 and q > 2. This follows from the fact that the 
Neumann problem in domains is solvable for any p > 2. Since the results in this paper 
do not use the estimates mentioned above, we omit the details here. 
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3 Weak reserve Holder inequality on the boundary 

The goal of this section is to prove the following. 

Theorem 3.1. Under the same conditions on Q and u as in Theorem \2.1\ we have 

1 r ( r V^' 

'Vuy\Pda\ <C{ \iVu)*\^da\ , (3.1) 



1"'^ ^ JB{Q,r)r\dn J IJ B{Q,2r)r\dn 

for any p > 2, where C depends only on d, p and the Lipschitz character ofQ. 

We begin with a local W'^''^ estimate. 
Lemma 3.2. Under the same conditions on Q and u as in Theorem \2.1\ we have 

[ \V\\'^dx<^ [ \Vu\'^dx (3.2) 

JB(Q,r)nQ. JB{Q,2r)r\Q 

where C depends only on d. 

Proof. See e.g. |10, p. 1826]. □ 
Let 5{x) = dist(x,(9fi). 

Lemma 3.3. Let w he a harmonic function in a hounded Lipschitz domain Vt. Let p > 2. 
Fix Xq & Q such that S{xo) > Codiam{fl). Then for any t G (0, 1), 



(3.3) 



[ \(ywy\Pda<C{diam{n)ysnp\V^w{x)\P-^[S{x)Y-^-'[ \V^w\^ dy 
Jan xgu Ja 

+ C\Vw{xo)\''\dn\, 
where C depends only on d, p, t, Cq and the Lipschitz character ofQ. 

Proof See e.g. |10, p. 1827]. □ 

Proof of Theorem 13.11 

Since f2 is a Lipschitz domain, by rotation and translation, we may assume that Q = 
and 

BiQ,Coro)nn={ix',x,) : > V^(x')} H 5(g, Coro) 
where -0 : K'^^^ ^ K such that ^(0) = and ||V0||oo < M, and Co = 10v^(l + M). Let 

S{r) = {{x',tlj{x')) : \x'\ < r}. 
We will show that if u G C^{il) is harmonic in and |^ = on S{8r), then 



(3.4) 



where C depends only on d, p and M. Estimate (13. ip follows from (13. ip by a simple covering 
argument. 
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For P E dfl, define 

Mi{Vu){P) = sup {|Vm(x)| : X e il,\x - P\ < Co6{x) and |x - P| < Cor}, 

r -I (3-5) 

M2(yu){P) = sup {|Vm(x)| : X e Q,\x - P\ < CoS{x) and |x - P| > Cor} 

Note that (Vm)* = max{A^i(VM), A^2(Vm)}. The desired estimate for A^2(Vm) follows 
readily from the interior estimates for harmonic functions. To handle A^i(Vm), we apply 
Lemma [3.31 to u on the Lipschitz domain Z{2r), where 

Z{p){= {{x',Xd) ■■ \x'\ < p and ip{x') < Xd < 20v^(l + M)p]. 
This yields that 

^ Js{r) ^ JdZ{2r) 

< Cr'~''+' sup \VMx)r'Hx)V'' [ \'^My)\'dy ^^'^^ 

Z(2r) Jz{2r) 

+ C\Vvixo)\P, 



where 6{x) = dist(x, Z(2r)) and (VM)^(2r) denotes the nontangential maximal function of 
Vu with respect to the domain Z{2r). Note that the last term in the right-hand side of (13. 6p 
may be treated easily, using the interior estimates. 

Let I denote the first term in the right-hand side of (13. 6p . By Lemma 13. 2[ 

/ < Cr'-''-^ sup \VMx)r^[S{x)Y'^'' [ \Vu{y)\^dy. (3.7) 

Z(2r) Jz{2r) 

Let x e Z{2r). It follows from the interior estimates that for any q > 2, 



l/<7 



Cr^ ( 1 r ^ 

[5(x)]'+i U^iz(2r) J 

Cr' (If ,^ ,2, 
< T<^ Wurdx 



[(5(x)]'+f W Jz{Ar) 

where we have used estimate (12.11) in the last step. This, together with (13. 7p . implies that 

xeZ(2r) I'" J Z{ir) J 

Since p — 1 — t — (1 + -)(p — 2) = 1 — t — -(p — 2), we may choose g > 2 so large that the 
exponent of 5{x) in (13. 9 p is positive. Using 5{x) < Cr, we then obtain 

'^^{^J I'^^l'dyY'' <C{^ f \{Vu)rdaY\ (3.10) 
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Thus we have proved that 

^ Js(r) [.^ JsUr) ) 



p/2 



IS{r) I' JS{4r) 

This, together with the same estimate for A^2(Vu), gives (13 ■4p . □ 

Remark 3.4. Let p > 2. It follows from Theorem 13.11 and flUi Theorem 1.1] that if f2 is a 
bounded convex domain with boundary, the Neumann problem for Am = in is 
uniquely solvable. Moreover, the solution satisfies the estimate ||(V'u)*||p < C|||^||p, where 
C depends only on d, p and the Lipschitz character of Q. 



4 Proof of Theorem 11.1 



Let Q he a. bounded convex domain in R'^, c? > 2. Let p > 2. We need to show that the 

Neumann problem for Au = in is uniquely solvable. Since the case = 2 is contained 

in [To], we will assume that d > 3. 

The uniqueness of the Neumann problem follows directly from the uniqueness of the 
Neumann problem. To establish the existence, it suffices to show that if / G C^(]R'^) and 

Idn f dcT = 0, then the solution of the Neumann problem for Am = in with boundary 

data f\dn satisfies ||(Vu)*||p < C||/||p. 

To this end we approximate fl from the outside by a sequence of convex domains {^j} 

with smooth boundaries and uniform Lipschitz characters. Let Uj be a solution to the 

Neumann problem for Laplace's equation in Qj with data fj — aj, where aj is the mean 

value of / on dQj. It follows from Remark 13.41 that 

WiVujYWLvidn,) < C\\fj - ajWLvidn,), (4.1) 

where C depends only on d, p and the Lipschitz character of Q. By a limiting argument (see 
e.g. [7]), there exists a subsequence, still denoted by {uj}, such that Vuj — )■ Vf uniformly 
on any compact subset of Q, where f is a variational solution of the Neumann problem in Q 
with data f\dn. Using this and (14.11) . we may deduce that || (Vw)*||LP(ao) < C\\f\\LP(^Qfi). Since 
u — V is constant by the uniqueness of the variational solutions, we obtain || (VM)*||LP(an) < 
C||/||LP(a!ri). This completes the proof. 



5 Proof of Theorem 11.2 



To establish the existence, we first reduce the problem to the case where / = 0. The 
argument is standard. Let / G L^^q{Q) and w = Iln{f) =: 7lnll{f). Here T^.^ denotes 
the operator restricting distributions in M'^ to Q, the map 11 : £'(]R'^) — V(R'^) is given by 
the convolution with the fundamental solution for A in R'^ with pole at the origin, and / is 
defined by < /, >=< /, 7^^(0) > for e C~(M'^). Let g = For any e 5|((9fi) with 

s = define 

p' 

<A(/),0>= / Vw ■Vtpdx+ < f,^ >LP_^^(n)xLl{n), (5.1) 
Jn 
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where ip is a function in Ll{fl) such that Tr{ip) = and ||V'llL«(n) ^ C*]! 011^9 (^g^y Here we 
have used the fact that the trace operator Tr : L\{Q) By^{dQ) is bounded and onto and 
that 

ll0lli??/^(an)^inf{||V^||L?(Q): TrW = <!>}. 

Since 

/ Vw-Vtp dx+ < f,ilj>=0 for any ^ e C^{rt) 
Jn 

and C^{Q) is dense in {u G Ll{Q) : Tr{u) = 0}, it is easy to see that < A(/),0 > is well 
defined. Furthermore, 

I < A(/),0> I < {\\w\\LP(^n) + \\f\\L'L,,,{n)}MLl{n) 

<C\\f\y^^^^^n)\mLtin) (5.2) 

< C'll/llL^,_o(n)ll0llB^«/^(9f1), 

where we have used the Calderon-Zygmund estimate HwH^p,-!^) < C*||/||2,p ^ ^^(n)- It follows 
that w is a weak solution to (11. 7p with data (/, A(/)) and ||A(/)||5P^^ (^j^) < ^(n)- 
Thus, by subtracting w from u, we may always assume that / = 0. 

Next, we note that if is a bounded Lipschitz domain, the solvability of the Neumann 
problem, 

f Am = in fi, 
(9?/ 

— =ge B'^Jdn) on an, (5.3) 
on 

^«eL^^^,/^(^]), 

was established in [3] for (s, 1/p) in the (open) convex polygon V formed by the vertices, 
(1-5,0), (1,0), (l,(l + £)/2), (5,1), (0,1), (0,(1 -£)/2), 



where e > depends on ^l. By interpolation, this, together with Theorem II. H implies that 
the Neumann problem (15. 3 p in a convex domain is uniquely solvable if {s,l/p) is the (open) 
convex polygon Vi formed by the vertices 

(l-£,0), (1,0), (l,(l + £)/2), (£,1), (0,1), (0,0). 

In particular, the Neumann problem (15. 3 p is solvable if s = 1/p and 2 < p < oo. As a result, 
we have proved Theorem 11.21 for 2 < p < oo . The case 1 < p < 2 will be proved by a duality 
argument, given in the next section (see Remark I6.5p . 



6 Proof of Theorem 11.3 

Note that 

LP{Q) = {ue LP{n,R'^) : / u - V^rfx = for any G W^'^Q)} 

Jn (6.1) 

= {u G LPin,^^) : div(u) = in and u ■ n = on dn}, 
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where q = Here u-n is regarded as an element in B^^^^{dfl). Let X be a normed vector 
space and S a subset of X. The set 

= {eeX* : <e,f >=0 for all / G S } 

is called the set of annihilators of S. If is a closed subspace of a reflexive Banach space 
X, then (S^)^ = S (see e.g. [12]). With this notation, we may write Ll{n) = C X = 
LP{n,R'^), where S = grad C L5(fi,M'^). Thus the L^-Helmholtz decomposition 

f ll.lOp may be written as 

LP{Q,R'^) = grad W^'P{Q) © {grad W^'''{Q)}^. (6.2) 

Lemma 6.1. Let Q be a bounded Lipschitz domain in M'^ and 1 < p < oo. Then C^{fl) = 
{v G Cg°°(^],M'^) : div(v) = 0} zs dense in LliVt). 

Proof. Let XP{n) denote the closure of C^{^) in LP(fi,M°'). Clearly, grad W^^'^iVL) C 
{X'P{n))^. On the other hand, if u G L'?((^,M'^) and /^u ■ vrfx = for any v G C^(n), 
then u = —Vip for some -i/; G L;^^^(i7) (see e.g. [H pp. 696-697] for a proof). This im- 
plies that u G grad W^^^{Vt). Hence we obtain grad W^'''{Vt) = {XP{n))^. It follows that 
XP{n) = (grad iyi'«(fi))^ = LP(fi) and thus C^(fi) is dense in LP(fi). □ 

Lemma 6.2. Lei Q be a bounded Lipschitz domain in M*^ and 1 < p < oo. If the Helmholtz 
decomposition /ll.lOi) with the estimate /II. 11]) holds for the exponent p and constant Cp, then 
it holds for the dual exponent q = and constant Cq = Cp. 

Proof. This follows from the fact that if Xq, Xi are closed subspaces of X and X = Xq ©Xi, 
then X* = X^ © X^^. Note that if u G LP(fi), v G (fi), (j) G W^'P{n) and ip G iyi'«(fi), 
then 

u ■ (v + Vip) dx = / (u + V0) ■ V dx, 



(6.3) 

/ V0 ■ (v + V^) dx= j {vl + V0) ■ VV^ dx. 
Jn Jn 

By a simple duality argument, this shows that the estimate (11.111) holds for the exponent q 
and constant Cq = Cp. □ 

Next we will show that the L^-Helmholtz decomposition is equivalent to the solvability 
of ([E3D for s = 1/p. 

Theorem 6.3. Let Q be a bounded Lipschitz domain in M.'^ and 1 < p < oo. Then the LP- 
Helmholtz decomposition U.10\) with the estimate U.ll\) holds if and only if the Neumann 
problem ( 15. 3\) is uniquely solvable for s = 1/p. 

Proof. Suppose that (15. 3p is uniquely solvable for s = 1/p. The uniqueness of the solutions 
to (El implies that LP(fi) n grad W^'P{n) = {0}. Given any u = {m, . . . , Wd) G LP{n, M"^), 
let 

d f 

= — J T{x - y)ui{y)dy, (6.4) 
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where T{x) denotes the fundamental solution for A in M'^ with pole at the origin. By the 



Calderon-Zygmund estimate, G W^'^{Q) and ||V0|| 



Lp{n) 



< C\\u\ 



. Since div(u— V0) 



in f2, it follows that A = (u — V0) ■ n G B^-^^^{dQ) and ||A||^p^^ (^qq^ < C\\u — V(j)\\LP{n), 
where A may be defined by 



< A, (y9 > = 



^u- V0) ■ Vifdx 



for (f G Bl^^{d9) and ^ G W^^'i{Q) such that Tr(^) = on 91^. We now let v = u - V(0 + 

ip) G LP(n,M'^), where G is a solution to (15. 3p with boundary data A. Observe 

that for any if G C°°(M'='), 

/ V ■ Vv5 (ix =< A, 9? > - / V?/' ■ Vv? = 0. 

in 

Thus V G L^(Jl). Also note that 

\\v{ct> + mLvm<c{\\Vct>\\Lvm 
<c{||V0|U.(n) 

< C ||u||ip(f7). 



|A| 



u 



V0||LP(n)} 



Since u = v + V(0 + '0'), we obtain the Helmholtz decomposition (16.21) . 

Next suppose that the L^-Helmholtz decomposition (11.101) with estimate (11.111) holds. 
The uniqueness for the Neumann problem (15.31) follows from the fact that L^(i7)ngrad W^'^{Q) 
= {0}. To show the existence, let '0 be a solution of the Neumann problem in Q with 
boundary data ^ = g, where g G L°°{dQ) and jg^gda = 0. Given u G Li{Q,R'^) fl 
L^{n,R'^), write u = v + V(/), where v G Ll{n) n Ll{n) and G iyi'«(fi) n W^'^{n). This 
is possible since the Helmholtz decomposition holds for exponents q and 2. It follows that 



Vip ■ u dx 



Vi) ■ V0 dx 



< 



< 



n 

On 
dn 



dn dn 



— a) da 



for any a G 



By Poincare inequality, this yields that 



Vip ■ u dx 



IIV0II 



Li{Q)- 



Using ||V0||L9(n) < Cg||u||Lg(Q), we then obtain 



dn 



(6.5) 



by duality. Since L°°{dfl) is dense in B^-^^^{dQ), the existence of solutions to (15. 3 p with 
data A, where A G B^^^^{dQ) and < A, 1 >= 0, follows from the estimate (16. 5 p by a simple 
limiting argument. This completes the proof. □ 
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Lemma 16.21 and Theorem 16.31 lead to the following. 



Theorem 6.4. Let Q be a bounded Lipschitz domain in M'* and 1 < p < oo. Then the 
solvability of ^5.3\) for s = 1/p is equivalent to the solvability of ( (5. 3\) for s = 1/q, where 

^ p—i 

Remark 6.5. We show in Section 5 that if is a bounded convex domain in Mf^, then the 
Neumann problem (15. 3 p is solvable for s = 1/p and 2 < p < oo. Thus, by Theorem 16.41 the 
Neumann problem (15.31) in convex domains with s = 1/p is solvable for any 1 < p < oo. 
This completes the proof of Theorem 11.21 

Remark 6.6. Theorem 11.31 follows readily from Theorems 11.21 and 16.31 
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